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Part I:

Motivation
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Nuclear Reactions of Astophysical Interest

nuclear astrophysics

• nuclear reaction rates are basic input in many astrophysical models

(primordial nucleosynthesis, stellar evolution, novae, supernovae, . . . )

for various processes (pp chains, CNO cycles, s-, r-, p-, rp-process, . . . )

• ideally: direct measurement of reaction cross sections at relevant energies

but in most cases practically impossible (small cross sections, often unstable nuclei)

• alternative approaches ?

depend on type of reaction
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Types of Reactions
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• radiative capture/
photo dissociation reactions:

(n, γ), (p, γ), (α, γ), . . . /
(γ, n), (γ, p), (γ, α), . . .

• nuclear rearrangement reactions:

(p, α), (α, p), (3He,2p), . . .

• weak interaction reactions:

β+, β−, electron capture (EC)

• . . .

here:

• only charged-particle reactions
• only reactions with electromagnetic or strong interaction
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Reaction Rates and Cross Sections
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astrophysical environment

nuclei in hot plasma

⇒ temperature-dependent distribution of
relative velocities v for reaction b+ c→ . . .

⇒ relevant quantity:

Maxwellian-averaged reaction rate

rbc =
̺b̺c

1 + δbc
〈σv〉

with densities ̺b, ̺c and

〈σv〉 =

s

8

πµbc

Z ∞

0

σ(E) E e
− E

kT
dE

(kT )3/2

⇒ cross sections σ needed in Gamov window of width ∆E
around effective energy Eeff
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Gamov Window
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parameters

• effective energy

Eeff = 0.1220 µ
1/3
bc (ZbZcT9)

2/3 MeV

• width

∆E = 0.2368 µ
1/6
bc (ZbZc)

1/3T
5/6
9 MeV

with temperature T9 in 109 K
and reduced mass µbc = mbmc

mb+mc
in amu

reaction Eeff [keV] σ(Eeff) [pb]
3He(3He,2p)4He 22.0 1.5

7Be(p,γ)8B 18.4 1.5 × 10−3

3He(α,γ)7Be 23.0 3.0 × 10−5

14N(p,γ)15O 27.2 2.2 × 10−7

for T = 15.5 × 106 K (center of the sun)
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Charged-Particle Reactions

• Coulomb barrier in reaction b+ c→ . . . with charged nuclei b, c

⇒ extremely small cross sections σ(E) with strong energy dependence

⇒ astrophysical relevant energies (Gamov window) usually not accessible

⇒ measurement at higher energies and extrapolation to low energies E

with help of astrophysical S factor S(E) = σ(E)E exp(2πη)

Sommerfeld parameter η = ZbZce
2/(~v)
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Charged-Particle Reactions

• Coulomb barrier in reaction b+ c→ . . . with charged nuclei b, c

⇒ extremely small cross sections σ(E) with strong energy dependence

⇒ astrophysical relevant energies (Gamov window) usually not accessible

⇒ measurement at higher energies and extrapolation to low energies E

with help of astrophysical S factor S(E) = σ(E)E exp(2πη)

Sommerfeld parameter η = ZbZce
2/(~v)

• direct measurement very difficult, often unstable nuclei involved

⇒ indirect methods
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Halo Nuclei
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Light exotic nuclei:

• large neutron/proton excess

• radioactive with short lifetimes

close to neutron/proton driplines

⇒ halo phenomenon observed

• large size (i.e. interaction radius)

• large cross sections for electromagnetic
excitation to low energies in the continuum

• breakup rections: narrow relative-
momentum distributions of fragments

⇒ extraction of spectroscopic information

• small separation energy of last
nucleon

• ground state well described in
single-particle picture
(nucleon + core)

essential features characterized by few low-energy constants ⇒ scaling laws
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Part II:

Halo Nuclei
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Halo Nuclei - Characteristic Parameters

halo nucleus (a = b+ c) with nucleon (b) + core (c) structure

with effective mass µ = mbmc
mb+mc

and charge numbers Zb and Zc

• relevant scales of the system

origin energy momentum dimensionless quantity

ground state one-nucleon ~q =
√

2µSb γ = qR

separation energy Sb inverse decay length q

scattering state relative energy E ~k =
√

2µE κ = kR

in continuum relative momentum

Coulomb field Gamov energy ~/aB with nuclear Bohr ηi =
q

EG
Sb

= 1
qaB

EG =

„

ZbZce2

~

«2
µ
2 radius aB = ~/

√
2µEG ηf =

q

EG
E = 1

kaB

with radius R ⇔ typical size of the system
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Halo Nuclei - Characteristic Parameters

halo nucleus (a = b+ c) with nucleon (b) + core (c) structure

with effective mass µ = mbmc
mb+mc

and charge numbers Zb and Zc

• relevant scales of the system

origin energy momentum dimensionless quantity

ground state one-nucleon ~q =
√

2µSb γ = qR

separation energy Sb inverse decay length q

scattering state relative energy E ~k =
√

2µE κ = kR

in continuum relative momentum

Coulomb field Gamov energy ~/aB with nuclear Bohr ηi =
q

EG
Sb

= 1
qaB

EG =

„

ZbZce2

~

«2
µ
2 radius aB = ~/

√
2µEG ηf =

q

EG
E = 1

kaB

with radius R ⇔ typical size of the system

• three independent dimensionless quantities ⇒ relevant for systematic expansions

γ = qR x =
κ

γ
=

s

E

Sb

ηi =
1

qaB

= xηf (ηi = ηf = 0 for neutron + core systems)

(S. Typel and G. Baur, Nucl. Phys. A 759 (2005) 247)
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Neutron Halo Nuclei - Ground State Properties
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• probability Pnl to find the neutron

inside potential well (n = number of nodes)

in the limit γ → 0:

− Pn0 → 0 for l = 0

− Pnl → (2l − 1)/(2l + 1) for l ≥ 1
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Neutron Halo Nuclei - Ground State Properties
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• probability Pnl to find the neutron

inside potential well (n = number of nodes)

in the limit γ → 0:

− Pn0 → 0 for l = 0

− Pnl → (2l − 1)/(2l + 1) for l ≥ 1

• rms radius (〈r2〉nl)
1/2 in the limit γ → 0

− 〈r2〉nl ∝ γ−2 for l = 0

− 〈r2〉nl ∝ γ−1 for l = 1

⇒ 〈r2〉nl diverges for s and p waves

− 〈r2〉nl finite for l ≥ 2

halo effect exists only for low orbital angular momenta and small binding energies
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Electromagnetic Excitation

electromagnetic transition of type π = E,M and multipolarity λ = 1, . . .

• photo dissociation cross section

σπλ(a+ γ → b+ c) =
λ+ 1

λ

(2π)3

[(2λ+ 1)!!]2

(
Eγ

~c

)2λ−1
dB(πλ)

dE

• reduced transition probability

dB

dE
(πλ, Ji → kJf) =

2Jf + 1

2Ji + 1

∑

jf lf

∣
∣
∣
∣
∣
∣

∑

jilijc

〈kJfjf lfsjc||M(πλ)||Jijilisjc〉

∣
∣
∣
∣
∣
∣

2

µk

(2π)3~2

• reduced matrix element 〈kJfjf lfsjc||M(πλ)||Jijilisjc〉

• electric transition ⇒ multipole operator M(Eλµ) = Z
(λ)
eff e r

λYλµ(r̂)

with effective charge number Z
(λ)
eff = Zb

(
mc

mb+mc

)λ

+ Zc

(

− mb
mb+mc

)λ
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Radial Integrals

• example: breakup of 11Be → 10Be + n

neutron halo nucleus with neutron separation energy Sn = 0.504 MeV

E1 transition from s wave bound state to p wave scattering state with energy E
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Radial Integrals
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• example: breakup of 11Be → 10Be + n

neutron halo nucleus with neutron separation energy Sn = 0.504 MeV

E1 transition from s wave bound state to p wave scattering state with energy E

⇒ integrand in radial integral of reduced matrix element
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Radial Integrals

0 10 20 30 40 50
r   [fm]

-2

-1

0

1

2

f
l
i
(r)

g
l
f
(r)

g
l
f
(r) r f

l
i
(r)

0 10 20 30 40 50
r   [fm]

-2

-1

0

1

2

V(r)

E = 0.1 MeV E = 1.0 MeV

• example: breakup of 11Be → 10Be + n

neutron halo nucleus with neutron separation energy Sn = 0.504 MeV

E1 transition from s wave bound state to p wave scattering state with energy E

⇒ integrand in radial integral of reduced matrix element

• Eλ transitions at low relative energies
⇒ matrix elements determined by asymptotic of wave functions
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Wave Functions - General

relative motion of two-body system a = b+ x (= c+ y = d+ z = . . .)

• many-body wave function Ψa is solution of Schrödinger equation

HΨa = (T + Va) Ψa = EΨa

with potential Va = V C
bx + V N

bx = V C
cy + V N

cy (Coulomb + nuclear interaction)

and boundary condition for bound/scattering state
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Wave Functions - General

relative motion of two-body system a = b+ x (= c+ y = d+ z = . . .)

• many-body wave function Ψa is solution of Schrödinger equation

HΨa = (T + Va) Ψa = EΨa

with potential Va = V C
bx + V N

bx = V C
cy + V N

cy (Coulomb + nuclear interaction)

and boundary condition for bound/scattering state

• for large distances ~rbx = ~rb − ~rx , etc.:

Coulomb interaction remains, short-range nuclear interaction vanishes

⇒ universal asymptotic form of Ψa → φbφxψbx(rbx) + . . .

for rbx, rcy, . . .→ ∞ with relative wave functions ψbx, ψcy, . . .

• exact solution: partial wave expansion
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Wave Functions - Bound States

general form of asymptotics (without particle spins, α = (bx), (cy), . . .)

ψα(m) → 1

rα

∑

l

fαl(rα)Ylm(r̂α) for rα → ∞

with radial wave functions fαl(rα) = Ca
α(l)W−ηα,l+1/2(2qαrα)

and angular parts Ylm(r̂α) (spherical harmonic)
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Wave Functions - Bound States

general form of asymptotics (without particle spins, α = (bx), (cy), . . .)

ψα(m) → 1

rα

∑

l

fαl(rα)Ylm(r̂α) for rα → ∞

with radial wave functions fαl(rα) = Ca
α(l)W−ηα,l+1/2(2qαrα)

and angular parts Ylm(r̂α) (spherical harmonic)

• Whittaker function W−ηα,l+1/2(2qαrα) → exp (−qαrα)

with Sommerfeld parameter ηα, bound-state parameter qα

e.g. ηbx = ZbZxe2µbx
~2qbx

qbx =
√

2µbxSbx/~

and separation energy Sbx of particle a into b and x

• asymptotic normalization coefficient (ANC) Ca
α(l)
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Wave Functions - Scattering States

general form of asymptotics (without particle spins)

Ψ
(+)
bx → 4π

kbx

∑

α=(bx),(cy),...

φα
1

rα

√
vbx

vα

∑

lm

g
(+)
αl (rα)ilYlm(r̂α)Y ∗

lm(k̂bx) for rα → ∞

with radial wave functions g
(+)
αl (rα) = 1

2i

[

Sl
α(bx)u

(+)
l (ηα, kαrα) − δα(bx)u

(−)
l (ηα, kαrα)

]

and angular parts Ylm(r̂α), Ylm(k̂α) (spherical harmonics)
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Wave Functions - Scattering States

general form of asymptotics (without particle spins)

Ψ
(+)
bx → 4π

kbx

∑

α=(bx),(cy),...

φα
1

rα

√
vbx

vα

∑

lm

g
(+)
αl (rα)ilYlm(r̂α)Y ∗

lm(k̂bx) for rα → ∞

with radial wave functions g
(+)
αl (rα) = 1

2i

[

Sl
α(bx)u

(+)
l (ηα, kαrα) − δα(bx)u

(−)
l (ηα, kαrα)

]

and angular parts Ylm(r̂α), Ylm(k̂α) (spherical harmonics)

• Coulomb wave functions

u
(±)
l (ηα, kαrα) = e∓iσl [Gl ± iFl] → exp

{
±i

[
kαrα − 2ηα ln(kαrα) − lπ

2

]}

with Sommerfeld parameter ηα, momentum ~~kα, energy Ebx of relative motion

e.g. ηbx = ZbZxe2µbx
~2kbx

kbx =
√

2µbxEbx/~ µbx = mbmx
mb+mx

• S-matrix elements Sl
α(bx)

e.g. elastic scattering Sl
αα = e2i[σl+δl(α)] with Coulomb and nuclear phase shifts

Indirect Methods and Halo Nuclei - 17 Stefan Typel



Reduced Transition Probability and Shape Functions

• reduced transition probability for Eλ transition li → lf :

dB(Eλ)

dE
=

[

Z
(λ)
eff e

]2 2µ

π~2
Ds

|Cli|2
q2λ+3

Slf
li

(λ) with spin factor Ds

− scaling of transition strength with q through factor |Cli|2/q2λ+3 with ANC

− scaling of Cli for neutron + core systems: C0 ∝ √
q, Cli ∝ qli for li ≥ 1
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Reduced Transition Probability and Shape Functions

• reduced transition probability for Eλ transition li → lf :

dB(Eλ)

dE
=

[

Z
(λ)
eff e

]2 2µ

π~2
Ds

|Cli|2
q2λ+3

Slf
li

(λ) with spin factor Ds

− scaling of transition strength with q through factor |Cli|2/q2λ+3 with ANC

− scaling of Cli for neutron + core systems: C0 ∝ √
q, Cli ∝ qli for li ≥ 1

• dimensionless shape function Slf
li

(λ) =
q

k

∣
∣
∣I lf

li
(λ)

∣
∣
∣

2

• dimensionless reduced radial integral

I lf
li

(λ) = qλ+1

∫ ∞

R

dr rλ
[

cos(δlf)Flf(kr) + sin(δlf)Glf(kr)
]

W−ηi,li+1/2(2qr)

− depends only on γ, x, ηi and phase shift δlf

− analytical for neutron + core systems
(S. Typel and G. Baur, Nucl. Phys. A 759 (2005) 247)
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Shape Functions for Neutron + Core Systems I
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E1 p → s E1 s → p

E1 p → d E1 d → p

E2 d → s E2 p → p

E2 s → d

• without final-state interaction (δlf = 0)

• characteristic shape of Slf
li

(λ)
depending on Eλ transition li → lf

• strong peak at small x2 = Erel/Sn

• hierarchy of maxima
(shift to larger x2 with increasing lf)

• variation with γ
(smaller sensitivity with larger lf)

• analytical forms for γ = 0
(extreme halo limit) e.g.

S0
1(1) =

x(3 + x2)2

(1 + x2)4

S1
0(1) =

4x3

(1 + x2)4
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Shape Functions for Neutron + Core Systems II
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E1 p → s E1 s → p

E1 p → d E1 d → p
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γ = 0.5

• with final-state interaction (δlf 6= 0)
use effective-range expansion

tan(δlf
) = −(xγclf

)2lf+1

with constant scattering length

alf = (clfR)2lf+1

• “natural” values: γclf ≤ 1
(zero-range potential: a0 = 1/q exact)

• expansion of analytical forms for small γ:

S0
1(1) = x(3+x2)2

(1+x2)4

h

1 − 4
3+x2γc0 + . . .

i

S1
0(1) = 4x3

(1+x2)4

ˆ

1 − (1 + 3x2)c3
1γ

3 + . . .
˜

• effect of final-state interaction
even for x→ 0
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Shape Functions for Proton + Core Systems
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E1 p → s E1 s → p

E1 p → d E1 d → p

E2 d → s E2 p → p

E2 s → d

• without final-state interaction (δlf = 0)

• halo limit γ → 0

• increase of Sommerfeld parameter ηi

⇓
− shift of maximum to larger x2 =

Erel
Sp

− broadening of peak

− reduction of strength

(scaling of Slf
li

(λ) with exp(4ηi))

− less sensitivity to li, lf

(Coulomb barrier dominates)

• highly charged core (= large nuclei)

⇒ no halo effect
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Coulomb Dissociation of 11Be
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exp. data: R. Palit et al., PRC 68 (2003) 034318

• E1 transition from s-wave halo ground
state (Sn = 504 keV, γ = 0.41,
R = 2.78 fm) to p-wave continuum
states with j = 3/2, 1/2

• effective-range expansion for phase shifts

tan δj
l = −(cjlxγ)

2l+1

with reduced scattering length cjl

• fit to experimental data from Coulomb
breakup of 11Be at 520 A·MeV on Pb
⇒ ANC C0 = 0.724(8) fm−1/2

⇒ spectroscopic factor C2S = 0.704(15)
⇒ reduced scattering lengths

c
3/2
1 = −0.41(86,−20)

c
1/2
1 = 2.77(13,−14)

(S. Typel and G. Baur, Phys. Rev. Lett. 93 (2004) 142502)

• c1/2
1 unnaturally large
⇔ existence of bound 1/2− state

320 keV above ground state
⇒ reduced E1 strength in continuum

Indirect Methods and Halo Nuclei - 22 Stefan Typel



Part III:

Indirect Methods
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Indirect Methods - Overview I

Coulomb dissociation
G. Baur et al.,

NPA 458 (1986) 188

• study inverse of radiative

capture reaction

b(x, γ)a ⇔ a(γ, x)b

• use Coulomb field of

target nucleus A as

source of photons

a(γ, x)b ⇔ A(a, bx)A

⇓
absolute S factors

as a function of energy

Indirect Methods and Halo Nuclei - 24 Stefan Typel



Indirect Methods - Overview I

Coulomb dissociation
G. Baur et al.,

NPA 458 (1986) 188

• study inverse of radiative

capture reaction

b(x, γ)a ⇔ a(γ, x)b

• use Coulomb field of

target nucleus A as

source of photons

a(γ, x)b ⇔ A(a, bx)A

⇓
absolute S factors

as a function of energy

ANC method
H. M. Xu et al.,

PRL 73 (1994) 2027

• extract asymptotic

normalization coefficient

of ground state wave

function of nucleus a

from transfer reactions

• calculate matrix elements

for radiative capture

reaction b(x, γ)a

⇓
S factor at zero energy
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Indirect Methods - Overview I

Coulomb dissociation
G. Baur et al.,

NPA 458 (1986) 188

• study inverse of radiative

capture reaction

b(x, γ)a ⇔ a(γ, x)b

• use Coulomb field of

target nucleus A as

source of photons

a(γ, x)b ⇔ A(a, bx)A

⇓
absolute S factors

as a function of energy

ANC method
H. M. Xu et al.,

PRL 73 (1994) 2027

• extract asymptotic

normalization coefficient

of ground state wave

function of nucleus a

from transfer reactions

• calculate matrix elements

for radiative capture

reaction b(x, γ)a

⇓
S factor at zero energy

Trojan-Horse method
G. Baur,

PLB 178 (1986) 35

• study three-body reaction

A + a → C + c + b

with Trojan horse

a = b + x

and spectator b

• extract cross section of

two-body reaction

A + x → C + c

⇓
energy dependence

of S factor

theoretical description? relation of methods?
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Indirect Methods - Overview II

a=(b+x) b

x

AA A B=(A+x)

a=(b+x) b

x

a=(b+x)

A C

b

c
x

Coulomb dissociation

photon exchange

ANC method

transfer of particle to
bound state

Trojan-Horse method

transfer of particle to
continuum state

• similar reaction mechanisms: transfer of virtual particle

• final state with three particles (bound/continuum states)

• theoretical descripton with direct reaction theory

Indirect Methods and Halo Nuclei - 25 Stefan Typel



Indirect Methods - Overview III

general characteristics:

• two-body reaction at low-energy is replaced by three-body reaction

at “high-energy” with large cross section

◦ Coulomb dissociation b(x, γ)a⇒ A(a, bx)A

◦ ANC method b(x, γ)a⇒ A(a,B)b a = (b+ x) B = (A+ x)

◦ Trojan-horse method A(x, c)C ⇒ A(a,Cc)b
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Indirect Methods - Overview III

general characteristics:

• two-body reaction at low-energy is replaced by three-body reaction

at “high-energy” with large cross section

◦ Coulomb dissociation b(x, γ)a⇒ A(a, bx)A

◦ ANC method b(x, γ)a⇒ A(a,B)b a = (b+ x) B = (A+ x)

◦ Trojan-horse method A(x, c)C ⇒ A(a,Cc)b

• transfer of virtual particle (photon γ or nucleus x)

• relation of cross sections is found with the help of nuclear direct reaction theory

• theoretical approximations essential

• study of peripheral reactions

− asymptotics of wave functions relevant

− selection of suitable kinematical conditions important
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Transfer Reactions - Cross Sections

A B=(A+x)

a=(b+x) b

x

• transfer reaction A+ a→ B + b with a = b+ x

to bound state of B = A+ x

• cross section

dσ =
2π

~

µAa

pAa
|Tfi|2 δ(EB +Eb −EA −Ea −Q)

d3pBb

(2π~)3
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Transfer Reactions - Cross Sections

A B=(A+x)

a=(b+x) b

x

• transfer reaction A+ a→ B + b with a = b+ x

to bound state of B = A+ x

• cross section

dσ =
2π

~

µAa

pAa
|Tfi|2 δ(EB +Eb −EA −Ea −Q)

d3pBb

(2π~)3

with T-matrix in prior formulation Tfi = 〈Ψ(−)
Bb |V

(i)
Aa | exp(i~kAa · ~rAa)φAφa〉

or in post formulation Tfi = 〈exp(i~kBb · ~rBb)φBφb|V (f)
Bb |Ψ(+)

Aa 〉

Ψ
(+)
Aa /Ψ

(−)
Bb : exact scattering wave functions in initial/final state

V
(i)
Aa/V

(f)
Bb : full potentials in initial/final state

• T-matrix element contains essential information on reaction process

• transferred particle x is virtual, i.e. Ex 6= p2
x

2mx

• two poles in diagram ⇒ factorization
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T-Matrix Elements - Transformations

A B=(A+x)

a=(b+x) b

x

• introduce optical potentials Uij (ij = Aa,Bb) and

distorted waves χ
(±)
ij with (T̂ij + Uij)χ

(±)
ij = Eijχ

(±)
ij

• apply Gell-Mann–Goldberger relation
(Phys. Rev. 91 (1953) 398) ⇒

◦ prior form Tfi = 〈Ψ(−)
Bb |V

(i)
Aa − UAa|χ(+)

Aa φAφa〉 exact!

◦ post form Tfi = 〈χ(−)
Bb φBφb|V (f)

Bb − UBb|Ψ(+)
Aa 〉 exact!
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T-Matrix Elements - Transformations

A B=(A+x)

a=(b+x) b

x

• introduce optical potentials Uij (ij = Aa,Bb) and

distorted waves χ
(±)
ij with (T̂ij + Uij)χ

(±)
ij = Eijχ

(±)
ij

• apply Gell-Mann–Goldberger relation
(Phys. Rev. 91 (1953) 398) ⇒

◦ prior form Tfi = 〈Ψ(−)
Bb |V

(i)
Aa − UAa|χ(+)

Aa φAφa〉 exact!

◦ post form Tfi = 〈χ(−)
Bb φBφb|V (f)

Bb − UBb|Ψ(+)
Aa 〉 exact!

• distorted-wave Born approximation (DWBA):

replace exact scattering wave functions Ψ
(+)
Aa → χ

(+)
Aa φAφa or Ψ

(−)
Bb → χ

(−)
Bb φBφb

◦ prior form Tfi ≈ 〈χ(−)
Bb ΦB

Ax|V (i)
Aa − UAa|χ(+)

Aa Φa
bx〉

◦ post form Tfi ≈ 〈χ(−)
Bb ΦB

Ax|V (f)
Bb − UBb|χ(+)

Aa Φa
bx〉
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Spectroscopic Factors

A B=(A+x)

a=(b+x) b

x

transfer reaction A+ a→ B + b

• overlap functions =̂ wave function of transferred particle

Φa
bx = 〈φb|φa〉 ΦB

Ax = 〈φA|φB〉
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Spectroscopic Factors

A B=(A+x)

a=(b+x) b

x

transfer reaction A+ a→ B + b

• overlap functions =̂ wave function of transferred particle

Φa
bx = 〈φb|φa〉 ΦB

Ax = 〈φA|φB〉

• approximation with spectroscopic amplitudes and single-particle wave functions

Φa
bx ≈ Aa

bxϕ
a
bx(~rbx)φx ΦB

Ax ≈ AB
Axϕ

B
Ax(~rAx)φx 〈ϕa

bx|ϕa
bx〉 = 〈ϕA

Bx|ϕA
Bx〉 = 1

• spectroscopic factors Sa
bx = 〈Φa

bx|Φa
bx〉 ≈ |Aa

bx|
2 SB

Ax = 〈ΦB
Ax|ΦB

Ax〉 ≈
∣
∣AB

Ax

∣
∣
2
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Spectroscopic Factors

A B=(A+x)

a=(b+x) b

x

transfer reaction A+ a→ B + b

• overlap functions =̂ wave function of transferred particle

Φa
bx = 〈φb|φa〉 ΦB

Ax = 〈φA|φB〉

• approximation with spectroscopic amplitudes and single-particle wave functions

Φa
bx ≈ Aa

bxϕ
a
bx(~rbx)φx ΦB

Ax ≈ AB
Axϕ

B
Ax(~rAx)φx 〈ϕa

bx|ϕa
bx〉 = 〈ϕA

Bx|ϕA
Bx〉 = 1

• spectroscopic factors Sa
bx = 〈Φa

bx|Φa
bx〉 ≈ |Aa

bx|
2 SB

Ax = 〈ΦB
Ax|ΦB

Ax〉 ≈
∣
∣AB

Ax

∣
∣
2

• T-matrix elements in DWBA

◦ post form: T(Bb)(Aa) = 〈ΦB
Axχ

(−)
Bb |VBb − UBb|Φa

bxχ
(+)
Aa 〉

◦ prior form: T(Bb)(Aa) = 〈ΦB
Axχ

(−)
Bb |VAa − UAa|Φa

bxχ
(+)
Aa 〉

• cross sections dσ ∝
∣
∣T(Bb)(Aa)

∣
∣
2 ⇒ dσ ≈ Sa

bxSB
Axdσsp factorization!
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Coulomb Dissociation - Idea

electric field

target

projectile
A

a b
x

fragments

exc

exotic nucleus

stable nucleus

breakup

threshold

E    ~ few MeV

correspondence
(Fermi 1924, Weizsäcker-Williams 1932)

time-dependent electromagnetic field
of highly-charged nucleus A

during scattering of projectile a
m

spectrum of (virtual, equivalent) photons

radiative capture b(x, γ)a
detailed balance m

photo absorption a(γ, x)b
equivalent photons in Coulomb field of target A m

Coulomb dissociation A(a, bx)A

(G. Baur, H. Rebel, C. Bertulani, Nucl. Phys. A 458 (1986) 188)

only ground state transitions !
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Coulomb Dissociation - Theory

Coulomb dissociation reaction: a+A→ b+ x+A

with three-body final state in the continuum
⇒ only approximate theoretical treatment
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Coulomb Dissociation - Theory

Coulomb dissociation reaction: a+A→ b+ x+A

with three-body final state in the continuum
⇒ only approximate theoretical treatment

• semiclassical methods
− classical description of projectile-target relative motion

(valid for heavy targets if ηAa = ZAZae
2/(~v) ≫ 1 with beam velocity v)

− time-dependent perturbation V (t) of projectile system
− time-dependent perturbation theory
⇒ excitation amplitude afi
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Coulomb Dissociation - Theory

Coulomb dissociation reaction: a+A→ b+ x+A

with three-body final state in the continuum
⇒ only approximate theoretical treatment

• semiclassical methods
− classical description of projectile-target relative motion

(valid for heavy targets if ηAa = ZAZae
2/(~v) ≫ 1 with beam velocity v)

− time-dependent perturbation V (t) of projectile system
− time-dependent perturbation theory
⇒ excitation amplitude afi

• quantal methods
− valid for all projectile/target combinations and all beam energies
− time-independent scattering theory
⇒ T-matrix element Tfi

Indirect Methods and Halo Nuclei - 31 Stefan Typel



Coulomb Dissociation - Quantal Theory

a=(b+x) b

x

AA • prior-form distorted-wave Born approximation (DWBA)

Tfi = 〈χ(−)
A(bx)φAΨ

(−)
bx |VAa − UAa|φAφaχ

(+)
Aa 〉

• neglection of nuclear interaction in VAa and UAa
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Coulomb Dissociation - Quantal Theory

a=(b+x) b

x

AA • prior-form distorted-wave Born approximation (DWBA)

Tfi = 〈χ(−)
A(bx)φAΨ

(−)
bx |VAa − UAa|φAφaχ

(+)
Aa 〉

• neglection of nuclear interaction in VAa and UAa

• multipole expansion of Coulomb potential in far-field approximation (rbx < rAa)

VAa − UAa = ZAZbe
2

|~rb−~rA| + ZAZxe2

|~rx−~rA| −
ZAZae2

|~ra−~rA| ≈ 4πZAe
∑

λµ

Z
(λ)
eff

e

2λ+1

rλ
bx

rλ+1
Aa

Yλµ(r̂bx)Y ∗
λµ(r̂Aa)

with effective charge numbers Z
(λ)
eff = Zb

(
mx

mb+mx

)λ

+ Zx

(

− mb
mb+mx

)λ

and relative coordinates ~rbx = ~rb − ~rx, ~rAa = ~rA − ~ra
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Coulomb Dissociation - Quantal Theory

a=(b+x) b

x

AA • prior-form distorted-wave Born approximation (DWBA)

Tfi = 〈χ(−)
A(bx)φAΨ

(−)
bx |VAa − UAa|φAφaχ

(+)
Aa 〉

• neglection of nuclear interaction in VAa and UAa

• multipole expansion of Coulomb potential in far-field approximation (rbx < rAa)

VAa − UAa = ZAZbe
2

|~rb−~rA| + ZAZxe2

|~rx−~rA| −
ZAZae2

|~ra−~rA| ≈ 4πZAe
∑

λµ

Z
(λ)
eff

e

2λ+1

rλ
bx

rλ+1
Aa

Yλµ(r̂bx)Y ∗
λµ(r̂Aa)

with effective charge numbers Z
(λ)
eff = Zb

(
mx

mb+mx

)λ

+ Zx

(

− mb
mb+mx

)λ

and relative coordinates ~rbx = ~rb − ~rx, ~rAa = ~rA − ~ra

⇒ factorization of T-matrix element

Tfi ≈ ZAe
∑

λµ
4π

2λ+1〈Ψ
(−)
bx |Z(λ)

eff er
λ
bxYλµ(r̂bx)

︸ ︷︷ ︸
|φa〉〈χ(−)

A(bx)|r−λ−1
Aa Y ∗

λµ(r̂Aa)|χ(+)
Aa 〉

M(Eλµ) electric multipole transition operator

⇒ transition matrix element × quantal Coulomb integral

Indirect Methods and Halo Nuclei - 32 Stefan Typel



Coulomb Dissociation - Cross Section

Coulomb dissociation cross section
(with angular integration over relative momentum between fragments)

⇒ d2σ

dEbxdΩaA
=

1

Eγ

∑

πλ

σπλ(a+ γ → b+ x)
dnπλ

dΩaA
π = E,M λ = 1, 2, . . .

• photo absorption cross section σπλ(a+ γ → b+ x)

• virtual photon numbers dnπλ
dΩaA
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Coulomb Dissociation - Cross Section

Coulomb dissociation cross section
(with angular integration over relative momentum between fragments)

⇒ d2σ

dEbxdΩaA
=

1

Eγ

∑

πλ

σπλ(a+ γ → b+ x)
dnπλ

dΩaA
π = E,M λ = 1, 2, . . .

• photo absorption cross section σπλ(a+ γ → b+ x)

• virtual photon numbers dnπλ
dΩaA

that depend on kinematics:

◦ scattering angle ϑaA/impact parameter b
◦ projectile velocity v
◦ excitation energy Eγ = ~ω

calculation in
◦ non-relativistic approximation with Coulomb (hyperbolic) scattering trajectories
◦ relativistic approximation with straight-line trajectories

⇒ E2 enhancement dnE2
dΩaA

/
dnE1
dΩaA

≈ 4~
2c2

E2
γb2 M1 suppression dnM1

dΩaA

/
dnE1
dΩaA

≈ v2

c2
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Coulomb Dissociation - Relation of Cross Sections

a=(b+x) b

x

AA • Coulomb dissociation cross section

d2σ

dEbxdΩAa
=

1

Eγ

∑

πλ

σπλ(a+ γ → b+ x)
dnπλ

dΩAa
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Coulomb Dissociation - Relation of Cross Sections

a=(b+x) b

x

AA • Coulomb dissociation cross section

d2σ

dEbxdΩAa
=

1

Eγ

∑

πλ

σπλ(a+ γ → b+ x)
dnπλ

dΩAa

• theorem of detailed balance

σπλ(a+ γ → b+ x) =
(2Jb + 1)(2Jx + 1)

2(2Ja + 1)

k2
bx

k2
γ

σπλ(b+ x→ a+ γ)

with photo absorption and radiative capture cross sections
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Coulomb Dissociation - Relation of Cross Sections

a=(b+x) b

x

AA • Coulomb dissociation cross section

d2σ

dEbxdΩAa
=

1

Eγ

∑

πλ

σπλ(a+ γ → b+ x)
dnπλ

dΩAa

• theorem of detailed balance

σπλ(a+ γ → b+ x) =
(2Jb + 1)(2Jx + 1)

2(2Ja + 1)

k2
bx

k2
γ

σπλ(b+ x→ a+ γ)

with photo absorption and radiative capture cross sections

• phase space factor
k2

bx

k2
γ

=
2µbxc

2Ebx

(Ebx + Sbx)2
≫ 1 for not too small Ebx

• virtual photon numbers
dnπλ

dΩAa
≫ 1 for large ZA and for not too high Ebx (=̂ ξ)

⇒ large Coulomb dissociation cross sections
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Coulomb Dissociation - Characteristic Parameters

a=(b+x) b

x

AA

10
−2

10
−1

10
0

10
1

ξ

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Φ
(ξ

)

Φ(ξ) = ξ2
[K0

2
(ξ)+K1

2
(ξ)]

virtual photon spectrum (E1)

(Fermi 1924, Weizsäcker-Williams 1932)

• adiabaticity parameter

ξ =
ωb

γv
=

duration of scattering process

excitation period

ξ = 0: sudden excitation
ξ ≫ 1: adiabatic excitation
ξ ≈ 1 ⇒ Emax

exc ≈ γv~/b
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Coulomb Dissociation - Characteristic Parameters

a=(b+x) b

x

AA

10
−2

10
−1

10
0

10
1

ξ

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Φ
(ξ

)

Φ(ξ) = ξ2
[K0

2
(ξ)+K1

2
(ξ)]

virtual photon spectrum (E1)

(Fermi 1924, Weizsäcker-Williams 1932)

• adiabaticity parameter

ξ =
ωb

γv
=

duration of scattering process

excitation period

ξ = 0: sudden excitation
ξ ≫ 1: adiabatic excitation
ξ ≈ 1 ⇒ Emax

exc ≈ γv~/b

• strength parameter

χ =
ZAe〈f ||M(πλ)||i〉

~vbλ
ZAe target charge

M(πλ) multipole operator

χ small ⇒ first-order perturbation
theory sufficient

χ large ⇒ higher-order effects

Indirect Methods and Halo Nuclei - 35 Stefan Typel



Coulomb Dissociation - Example: 8B

1
H(p,e

+ν
e
)
2
H

1
H(pe

-
,ν

e
)
2
H

2
H(p,γ)

3
He

3
He(

3
He,2p)

4
He

3
He(α,γ)

7
Be

7
Be(e

-
,ν

e
)
7
Li

7
Li(p,α)

4
He

7
Be(p,γ)

8
B

8
B -> 

8
Be

*
 + e

+
 + ν

e

8
Be

*
 -> 

4
He + 

4
He

Eν
max

 = 0.42 MeV Eν = 1.44 MeV

Eν = 0.862/0.384 MeV

Eν
max

 = 14 MeV

8B and solar neutrinos

• pp chains: main source of
solar energy production

• flux of high-energy neutrinos
proportional to synthesized 8B

• precise knowledge of 7Be(p,γ)8B
S factor S17(E) in Gamov window
(E ≈ 20 keV) required

• solar neutrino problem solved
with neutrino oscillation

• more precise direct capture data
available recently

⇒ test case for
Coulomb dissociation method
see lecture by K. Sümmerer
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Coulomb Dissociation - Higher-Order Effects I

a=(b+x) b

x

AAinteraction of fragments in final state
with target Coulomb field after breakup
⇒ “post-acceleration” =̂ multi-photon exchange
⇒ Coulomb dissociation cross section

not proportional to photo absorption cross section
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Coulomb Dissociation - Higher-Order Effects I

a=(b+x) b

x

AAinteraction of fragments in final state
with target Coulomb field after breakup
⇒ “post-acceleration” =̂ multi-photon exchange
⇒ Coulomb dissociation cross section

not proportional to photo absorption cross section

theoretical approaches
• semiclassical description
◦ higher-order perturbation theory
◦ full dynamical calculation (solving the time-dependent Schrödinger equation)
◦ sudden approximation
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Coulomb Dissociation - Higher-Order Effects I

a=(b+x) b

x

AAinteraction of fragments in final state
with target Coulomb field after breakup
⇒ “post-acceleration” =̂ multi-photon exchange
⇒ Coulomb dissociation cross section

not proportional to photo absorption cross section

theoretical approaches
• semiclassical description
◦ higher-order perturbation theory
◦ full dynamical calculation (solving the time-dependent Schrödinger equation)
◦ sudden approximation

• quantal description

◦ post-form DWBA Tfi = 〈χ(−)
Ab χ

(−)
Ax φAφbφxe

i~kbx·~rbx|Vbx|φAφaχ
(+)
Aa 〉

first order in Vbx, all orders in VAb and VAx

⇒ factorization, Bremsstrahlung integrals
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Coulomb Dissociation - Higher-Order Effects II

Coulomb excitation of 11Be
from ground state (1

2

+
, s-wave, E0 = −504 keV)

to first excited state (1
2

−
, p-wave, E1 = −184 keV)

• excitation amplitude in sudden approximation

asudden = 〈f | exp(−i~qCoul · ~r)|i〉 with

momentum transfer ~~qCoul =
2ZZ

(1)
eff

e2

vb ~ez
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Coulomb Dissociation - Higher-Order Effects II

0.0 0.5 1.0 1.5 2.0
z

0.0

0.2

0.4

0.6

0.8

1.0

r(
z)

γ
1
/γ

0
 = 0.604

γ
1
/γ

0
 = 0.000

γ
1
/γ

0
 = 1.000

0.0 0.2 0.4 0.6 0.8 1.0
v/c

0.6

0.7

0.8

0.9

1.0

R
(v

)

GANIL (38.6 A MeV)

GANIL (43.0 A MeV)

MSU (60.0 A MeV)

RIKEN (64.0 A MeV)

γ
0
/γ

1
 = 0.000

γ
0
/γ

1
 = 0.604

γ
0
/γ

1
 = 1.000

Coulomb excitation of 11Be
from ground state (1

2

+
, s-wave, E0 = −504 keV)

to first excited state (1
2

−
, p-wave, E1 = −184 keV)

• excitation amplitude in sudden approximation

asudden = 〈f | exp(−i~qCoul · ~r)|i〉 with

momentum transfer ~~qCoul =
2ZZ

(1)
eff

e2

vb ~ez

• reduction factors

◦ probability r(z) = |asudden|2
|a1|2 depends on

z = qCoulR
γ0+γ1

and γ1/γ0 =
√

E1/E0 (analytical)

◦ cross section R(v) = σ(∞)/σ(1)

⇒ simple scaling laws

(S. Typel and G. Baur, Eur. Phys. J. A 38 (2008) 355)
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ANC Method - Idea

x x

b
bA

A
a B+ +

0 5 10 15 20
r   [fm]

10
-2

10
-1

10
0

φ(
r)

   
[f

m
-1

/2
]

8
B → 7

Be + p ↑
ANC

φ(r) → C W
-η,l+1/2

(2qr)

extract asymptotic normalization coefficient
(ANC)

for breakup of nucleus B into A+ x
or nucleus a into b+ x

from cross section of transfer reaction

A+ a→ B + b

with a = b+ x and B = A+ x

⇓
calculate astrophysical S factor S(E)

in the limit E → 0

(H.M. Xu et al., Phys. Rev. Lett. 73 (1994) 2027)
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ANC Method - Theory I

A B=(A+x)

a=(b+x) b

x

• T-matrix element in post-form DWBA
• replace exact overlap functions by asymptotic form

with asymptotic normalization coefficients (ANCs)
and Whittaker functions
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ANC Method - Theory I

A B=(A+x)

a=(b+x) b

x

• T-matrix element in post-form DWBA
• replace exact overlap functions by asymptotic form

with asymptotic normalization coefficients (ANCs)
and Whittaker functions

• overlap functions (=̂ wave function of transferred particle, neglecting spins)

〈φb|φa〉 ≈ Ca
bx(la)

rbx
W−ηbx,la+1/2(2qbxrbx)Ylama(r̂bx)φx

〈φA|φB〉 ≈ CB
Ax(lB)

rAx
W−ηAx,lB+1/2(2qAxrAx)YlBmB

(r̂Ax)φx

Indirect Methods and Halo Nuclei - 40 Stefan Typel



ANC Method - Theory I

A B=(A+x)

a=(b+x) b

x

• T-matrix element in post-form DWBA
• replace exact overlap functions by asymptotic form

with asymptotic normalization coefficients (ANCs)
and Whittaker functions

• overlap functions (=̂ wave function of transferred particle, neglecting spins)

〈φb|φa〉 ≈ Ca
bx(la)

rbx
W−ηbx,la+1/2(2qbxrbx)Ylama(r̂bx)φx

〈φA|φB〉 ≈ CB
Ax(lB)

rAx
W−ηAx,lB+1/2(2qAxrAx)YlBmB

(r̂Ax)φx

• cross section of transfer reaction to bound state

dσ

dΩBb
= |Ca

bx|2
∣
∣CB

Ax

∣
∣
2 dσ̃

dΩBb
with reduced DWBA cross section

dσ̃

dΩBb
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ANC Method - Theory I

A B=(A+x)

a=(b+x) b

x

• T-matrix element in post-form DWBA
• replace exact overlap functions by asymptotic form

with asymptotic normalization coefficients (ANCs)
and Whittaker functions

• overlap functions (=̂ wave function of transferred particle, neglecting spins)

〈φb|φa〉 ≈ Ca
bx(la)

rbx
W−ηbx,la+1/2(2qbxrbx)Ylama(r̂bx)φx

〈φA|φB〉 ≈ CB
Ax(lB)

rAx
W−ηAx,lB+1/2(2qAxrAx)YlBmB

(r̂Ax)φx

• cross section of transfer reaction to bound state

dσ

dΩBb
= |Ca

bx|2
∣
∣CB

Ax

∣
∣
2 dσ̃

dΩBb
with reduced DWBA cross section

dσ̃

dΩBb

• two ANCs appear corresponding to two poles in diagram

• ANC/Whittaker functions replace
spectroscopic factors/full single-particle wave functions
in conventional DWBA
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ANC Method - Theory II

A B=(A+x)

a=(b+x) b

x

• approximations only valid for weakly bound states/
peripheral reactions

• precise optical potentials for A+ a and B + b
scattering required

• one additional ANC needed
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ANC Method - Theory II

A B=(A+x)

a=(b+x) b

x

• approximations only valid for weakly bound states/
peripheral reactions

• precise optical potentials for A+ a and B + b
scattering required

• one additional ANC needed

⇒ calculate low-energy S factor of capture reaction b(x, γ)a numerically

with extracted ANC Ca
bx(la) and asymptotic wave function

• |Ca
bx|2 ⇔ S(0) unique relation?

• effect of final-state interaction Vbx?

⇒ systematic model calculations
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ANC Method - Continuum Interaction

• effects of interaction in continuum states
− modification of shape of cross section,

S factor (i.e. energy dependence)
− change of S(0) even though δ → 0

• calculation of zero-energy S factor S(0)
in single-particle model with Woods-Saxon
potential with different depths V0
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ANC Method - Continuum Interaction
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• effects of interaction in continuum states
− modification of shape of cross section,

S factor (i.e. energy dependence)
− change of S(0) even though δ → 0

• calculation of zero-energy S factor S(0)
in single-particle model with Woods-Saxon
potential with different depths V0

• example: E1 s→ p wave capture
for different nuclei with proton+core structure
⇒ stronger variation of S(0) with V0

with larger proton separation energy

• simple relation ANC ⇔ S(0) only
correct for weakly bound nuclei

S. Typel and G. Baur, Nucl. Phys. A 759 (2005) 245
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Trojan-Horse Method - Idea

c
x

b
b+a +C+A ➜

xA + cC +➜

. . . κǫκαλυµµǫνoι ιππo.
Homer, Odyssey VIII, 503

replace two-body reaction

A+ x→ C + c

by three-body reaction

A+ a→ C + c+ b

with Trojan horse a = b+ x

and spectator b

• small momentum transfer to spectator

⇒ quasi-free scattering dominates

• large relative energy of system A + a

⇒ no suppression of cross section

⇒ no electron screening

• small relative energies of system A + x accessible

⇒ application to nuclear astrophysics

(G. Baur, Phys. Lett. B 178 (1986) 35)
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Trojan-Horse Method - Theory I

a=(b+x)

A C

b

c
x

• T-matrix element in post-form DWBA with B = C + c

T(Bb)(Aa) = 〈φBφbχ
(−)
Bb |VBb − UBb|φaφAχ

(+)
Aa 〉

• use asymptotic form of scattering wave function

φB = Ψ
(−)
Cc in reaction channel C + c→ A+ x

(“surface approximation”)
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Trojan-Horse Method - Theory I

a=(b+x)

A C

b

c
x

• T-matrix element post-form DWBA with B = C + c

T(Bb)(Aa) = 〈φBφbχ
(−)
Bb |VBb − UBb|φaφAχ

(+)
Aa 〉

• use asymptotic form of scattering wave function

φB = Ψ
(−)
Cc in reaction channel C + c→ A+ x

(“surface approximation”)

⇒ overlap function (=̂ wave function of transferred particle, neglecting spins)

〈φA|Ψ(−)
Cc 〉 ≈ 4π

kCcrAx

√
vCc
vAx

∑

lm ξ∗l (rAx)ilYlm(r̂Ax)Y ∗
lm(k̂Cc)φx

with ξl(rAx) = 1
2i

[

Sl
AxCcu

(+)
l (ηAx; kAxrAx) − δAxCcu

(−)
l (ηAx; kAxrAx)

]

and S-matrix element Sl
AxCc of reaction C(c, x)A

(S. Typel and G. Baur, Ann. Phys. (N.Y.) 305 (2003) 228)
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Trojan-Horse Method - Theory II

a=(b+x)

A C

b

c
x

• post-form DWBA T-matrix element with surface
approximation for ax 6= Cc
⇒ factorization

T(Bb)(Aa) ∝
∑

lm Sl∗
AxCc

×〈u
(+)
l

(ηAx;kAxrAx)

kCcrAx
Ylm(r̂Ax)φxφbχ

(−)
Bb |VBb − UBb|φaχ

(+)
Aa 〉
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Trojan-Horse Method - Theory II

a=(b+x)

A C

b

c
x

• post-form DWBA T-matrix element with surface
approximation for ax 6= Cc
⇒ factorization

T(Bb)(Aa) ∝
∑

lm Sl∗
AxCc

×〈u
(+)
l

(ηAx;kAxrAx)

kCcrAx
Ylm(r̂Ax)φxφbχ

(−)
Bb |VBb − UBb|φaχ

(+)
Aa 〉

⇒ cross section of transfer reaction to continuum (single channel, Ax 6= Cc)

d3σ

dΩBbdΩCcdECc
=

∣
∣Sl

AxCc

∣
∣
2 d3σ̃l

dΩBbdΩCcdECc
with reduced DWBA cross section
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Trojan-Horse Method - Theory II

a=(b+x)

A C

b

c
x

• post-form DWBA T-matrix element with surface
approximation for ax 6= Cc
⇒ factorization

T(Bb)(Aa) ∝
∑

lm Sl∗
AxCc

×〈u
(+)
l

(ηAx;kAxrAx)

kCcrAx
Ylm(r̂Ax)φxφbχ

(−)
Bb |VBb − UBb|φaχ

(+)
Aa 〉

⇒ cross section of transfer reaction to continuum (single channel, Ax 6= Cc)

d3σ

dΩBbdΩCcdECc
=

∣
∣Sl

AxCc

∣
∣
2 d3σ̃l

dΩBbdΩCcdECc
with reduced DWBA cross section

• S-matrix elements Sl
AxCc determine cross section

dσ

dΩAx
(C + c→ A+ x) =

π

k2
bx

∣
∣
∣
∣
∣

∑

l

Sl
AxCcYl0(r̂Ax)

∣
∣
∣
∣
∣

2
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Trojan-Horse Method - Theory III

a=(b+x)

A C

b

c
x

additional approximations
(not necessary in general, but convenient)
• potential VBb − UBb = VAb + Vxb − UBb ≈ Vxb

• plane waves for distorted waves χ
(−)
Bb , χ

(+)
Aa
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Trojan-Horse Method - Theory III

a=(b+x)

A C

b

c
x

additional approximations
(not necessary in general, but convenient)
• potential VBb − UBb = VAb + Vxb − UBb ≈ Vxb

• plane waves for distorted waves χ
(−)
Bb , χ

(+)
Aa

• T-matrix element in PWBA with surface approximation

T(Bb)(Aa) ∝
∑

lm Sl∗
AxCc〈φxφb exp

(

i ~QBb · ~rbx
)

|Vxb|φa〉

×〈u
(+)
l

(ηAx;kAxrAx)

kCcrAx
Ylm(r̂Ax)| exp

(

i ~QAa · ~rAx

)

〉

with momentum transfers

~QAa = ~kAa − µAx
mx
~kBb

~QBb = ~kBb − µbx
mx
~kAa

• factorization with three factors:
− two factors for two poles in diagram
− additional matrix element, depends on kinematics (ηAx!)
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Trojan-Horse Method - Theory IV

a=(b+x)

A C

b

c
x

additional approximations
(not necessary in general, but convenient)
• potential VBb − UBb ≈ Vxb

• plane waves for distorted waves χ
(−)
Bb , χ

(+)
Aa

⇒ cross section of transfer reaction to continuum (single channel)

d3σ

dΩBbdΩCcdECc
= K W ( ~QBb)

dσl

dΩ
(Ax→ Cc) Tl(kAx) with kinematic factor K

• momentum distribution W ( ~QBb) = |Φ̃a
bx( ~QBb)|2

depending on momentum transfer to spectator b ⇒ quasi-free scattering conditions

• cross section
dσl

dΩ
(Ax→ Cc) of two-body reaction

• penetration factor Tl(kAx) ≈ k3
Ax exp (2πηAx)
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Trojan-Horse Method - Theory IV

a=(b+x)

A C

b

c
x

additional approximations
(not necessary in general, but convenient)
• potential VBb − UBb ≈ Vxb

• plane waves for distorted waves χ
(−)
Bb , χ

(+)
Aa

⇒ cross section of transfer reaction to continuum (single channel)

d3σ

dΩBbdΩCcdECc
= K W ( ~QBb)

dσl

dΩ
(Ax→ Cc) Tl(kAx) with kinematic factor K

• momentum distribution W ( ~QBb) = |Φ̃a
bx( ~QBb)|2

depending on momentum transfer to spectator b ⇒ quasi-free scattering conditions

• cross section
dσl

dΩ
(Ax→ Cc) of two-body reaction

• penetration factor Tl(kAx) ≈ k3
Ax exp (2πηAx)

⇒ cancels suppression of two-body cross section by Coulomb barrier for EAx → 0
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Trojan-Horse Method - Application
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scaled THM data
absolute direct dataE

Ax

qf

→

normalization→

← →range of accessible energies

• selection of Trojan horse a = b+ x
(e.g. 2H = n+ p, 6Li = α+ d, . . . )
with binding energy ǫa > 0 and
well known ground state wave function
⇒ momentum distribution W ( ~QBb)

• width of momentum distribution W
⇔ Fermi motion of x inside a
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Trojan-Horse Method - Application
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scaled THM data
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Ax

qf

→

normalization→

← →range of accessible energies

• selection of Trojan horse a = b+ x
(e.g. 2H = n+ p, 6Li = α+ d, . . . )
with binding energy ǫa > 0 and
well known ground state wave function
⇒ momentum distribution W ( ~QBb)

• width of momentum distribution W
⇔ Fermi motion of x inside a

• condition ~QBb = 0 defines
“quasi-free energy” in A+ x system

Eqf
Ax = EAa

(

1 − µAa
µBb

µ2
bx

m2
x

)

− ǫa ≪ EAa

• cutoff in ~QBb determines range of
accessible energies EAx around Eqf

Ax

• small momentum transfer
⇒ dominance of quasi-free process

• normalization of cross section to direct data
at higher EAx
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Trojan-Horse Method - Example: 6Li(p,α)3He
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 = 13.9 MeV

• direct reaction: 6Li(p,α)3He
◦ experimental data

(J. Elwyn et al., Phys. Rev. C 20 (1979) 1084)

◦ differential cross section

dσ/dΩ =
∑

lBlPl(cos θ)

◦ non-resonant s wave and
resonant p wave contribution

◦ S matrix from R-matrix fit
⇒ simulation of THM experiment
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 = 13.9 MeV

• direct reaction: 6Li(p,α)3He
◦ experimental data

(J. Elwyn et al., Phys. Rev. C 20 (1979) 1084)

◦ differential cross section

dσ/dΩ =
∑

lBlPl(cos θ)

◦ non-resonant s wave and
resonant p wave contribution

◦ S matrix from R-matrix fit
⇒ simulation of THM experiment

• THM: 2H(6Li,α3He)n
◦ experiments with 13.9/25 MeV 6Li beam

(A. Tumino et al., Phys. Rev. C 67 (2003) 065803)

◦ Eqf = −0.24/1.35 MeV
◦ ~QBb < 30 MeV/c
◦ finite cross section at E = 0 MeV!
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Trojan-Horse Method - Electron Screening
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direct experiments:

• reduction of Coulomb barrier by
electron cloud of target nucleus

• enhanced cross section at low energies

σexp(E) = σbare(E)f(E) with

f(E) = exp(πηUe/E) and

electron screening potential energy Ue

• discrepancy between experimental
observation and theoretical models,
explanation?

stellar conditions:

• electron screening in plasma

Indirect Methods and Halo Nuclei - 51 Stefan Typel



Trojan-Horse Method - Example: 2H(6Li,α)4He

• direct reaction: 2H(6Li,α)4He
◦ experiment with gas target

(S. Engstler et al., Z. Phys. A 342 (1992) 471)

◦ S(0) = 17.4 MeV b
(corrected for electron screening)
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Trojan-Horse Method - Example: 2H(6Li,α)4He

10 100 1000
E   [keV]
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S(
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M
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 b

]

direct data
THM data
fit to THM data

normalization

electron screening→

→
• direct reaction: 2H(6Li,α)4He
◦ experiment with gas target

(S. Engstler et al., Z. Phys. A 342 (1992) 471)

◦ S(0) = 17.4 MeV b
(corrected for electron screening)

• THM: 6Li(6Li,αα)4He
◦ experiment with 6 MeV 6Li beam

(C. Spitaleri et al., Phys. Rev. C 63 (2001) 055801;

A. Musumarra et al., Phys. Rev. C 64 (2001) 068801)

◦ Eqf = 25 keV
◦ target and projectile breakup
◦ l = 0, ~QBb < 35 MeV/c
◦ normalization to direct data

for E > 600 keV
⇒ S(0) = (16.9 ± 0.5) MeV b

• electron screening potential:
Ue(direct) = (330 ± 120) eV
Ue(THM) = (320 ± 50) eV
Ue(theory) = 186 eV (adiabatic limit)
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Trojan-Horse Method - Extensions

• analysis only in simple theoretical approximations
⇒ full DWBA calculations needed for quasi-free scattering conditions

with consistent treatment of bound/scattering/resonant states
(numerically very demanding)

• finite cross section at EAx = 0 ⇒ continue to EAx < 0:
investigation of subthreshold resonances

• extension to radiative capture reactions possible
⇒ additional approach independent from Coulomb dissociation and ANC methods

• study elastic scattering without Coulomb contribution ⇒ optical potentials

• application to reactions with exotic nuclei ⇒ large cross sections

• extracted S factor not affected by electron screening
⇒ determination of electron screening potential Ue by comparison to direct data
⇒ consistent values for Ue, larger than adiabatic limit, challenge for theory
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Summary

• Halo nuclei

− unstable exotic nuclei with small binding energy
− often well described in simple models
− essential properties determined by asymptotics of wave functions
− characterized by few low-energy constants
− scaling laws

• Indirect methods (CD, ANC, THM)

− provide complementary information for reactions of astrophysical interest
− peripheral reactions
− specific kinematical conditions
− description with direct reaction theory
− factorization of cross sections
− great potential for future applications
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